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Abstract Well modeling plays an important role in numer-
ical reservoir simulation. The main difficulty in well mod-
eling is the difference in scale between the wellbore radius
and well gridblock dimension used in the simulation. The
Peaceman equation is widely used in reservoir simulation to
match gridblock pressure to the local solution of the diffu-
sivity equation describing the flow near the well. However,
this approach was developed under the assumption of radial
flow. At the same time, the well inflow equation can be
solved within the Green’s function (GF) formalism which
allows the solution to be obtained without the assumption
of radial flow. The GF solution can be presented as a series
over the eigenvalues of the Laplace differential operator.
However, this series converges conditionally and its direct
summation is time-consuming. In Posvyanskii et al. (2008),
a method for fast summation of such a series was pro-
posed and successfully applied for analyzing the pressure
build up curves. In this paper, we adopt the same technique
for calculating the well indices for horizontal, slanted and
partially penetrated wells. Additionally, the role of differ-
ent boundary conditions is considered. The semi-analytical
expressions for well indices are obtained and compared to
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the solution of the Peaceman equation. It is shown that in
some cases, the difference between these solutions can be
significant. The use of the obtained expression in numerical
flow simulation allows well inflow to be modeled with high
accuracy even on a coarse grid.
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1 Introduction

Generally, in flow simulation, a well is treated as a
source/sink point. The main well characteristic is the well
index (WI) which defines the relationship between the draw
down pressure in the block containing the well and the
liquid production rate. One of the most critical problems
in well modeling is the difference in scale between the
wellbore radius and the well block size used in the flow
simulation. In other words, the region where pressure gradi-
ents are largest is smaller than the block size. A typical well
radius is about ∼ 0.1 m while the lateral size of the grid
block is ∼ 100 m. The use of a local grid refinement in the
bottom hole region can improve accuracy of the WI estima-
tion but, at the same time, it can also lead to an impractical
restriction on the time steps in the flow simulation.

The first approach of a WI computation was given in
[2] and it is widely used in reservoir simulation. It was
obtained for a fully penetrated well which was aligned with
one of the grid axes. Additionally, it was assumed that the
fluid flow toward the well was radial. These assumptions
restrict the applications of this approach since it can lead to
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significant errors in WI for unconventional wells. The prob-
lem of calculation has been considered by many authors
[3–5].

The mathematical model of well inflow is based on the
solution of the diffusivity equation. It can be solved in terms
of GF [6] and can be used to compute WI. Within the GF
method the solution is presented as a series over the eigen-
values of the Laplace differential operator. However, this
series converges conditionally and its direct summation can
be time-consuming. The same problems are well-known
in quantum theory for solid state systems and the algo-
rithm for the fast evaluation of this sum was first proposed
by Ewald [7]. It is based on splitting the slow convergent
series into two parts which can be computed much faster.
Originally, this technique was developed to calculate the
electrostatic potential in periodic systems (crystals). In [8],
Ewald’s method was used to compute the pressure field in
2D reservoir problems. In [1], it was applied for analyz-
ing pressure build up curves. In the present work we apply
the same technique for calculating the WI for horizontal,
partially penetrated and slanted wells.

The GF method can be extended to the multiphase mul-
ticomponent case by using a generalized pseudopressure
function. This function is fluid mass velocity potential
depending on mass fractions of the components, satura-
tions and pressure. Assuming that the component factors are
constants along streamlines in a steady-state case, we get
the Poisson’s equation for the pseudopressure function that
depends on pressure only. Its solution allows the estimation
of WI in the multiphase case.

2 Mathematical model

Mathematically, a single-phase fluid flow in a porous
medium is described by the diffusivity equation. The
steady-state solution for pressure can be obtained from the
equation:

∇(k∇p) = q(r)μ, (1)

where q(r) is a distribution of source/sink points that
models producer or injector wells, r = (x, y, z). k is
a permeability tensor, μ is a fluid viscosity. We suppose
that the tensor k is diagonal and its components are con-
stants that in general may not be equal. It is well-known
that the coordinate transformation allows the problem to be
reduced to an isotropic case with a scalar permeability k.
Throughout this paper, the scalar permeability value is used.
Equation (1) must be supplied with conditions on drainage
volume boundaries. The solutions of Eq. 1 can be expressed
as:

p(r) =
∫

dr′G(r, r′)F (r′), (2)

where F(r) = q(r)μ/k and G(r, r′) is Green’s function
determined by the differential operator, region and boundary
conditions. It is given by

G(r, r′) =
∑
n

ψn(r)ψn(r′)
λn

, (3)

where ψn and λn are eigenfunctions and eigenvalues,
respectively. The solution of the Poisson’s equation can be
expressed in the general form:

p(r) =
∫

dr′ ∑
n

ψn(r)ψn(r′)
λn

F (r′). (4)

The spectrum of the Laplace operator considers boundary
conditions while q(r) takes into account the geometry of the
well trajectory.

If one knows q(r), the total well rate becomes

Q =
∫

L

dr′q(r′), (5)

where L is a curve which describes the well geometry.
The wellbore is divided into separated segments and it is

assumed that q(r) is a constant within each segment. The
sum of all segment fluxes should be equal to the total well
rate Q:

Kc∑
k=1

qkhk = Q, (6)

here index k denotes the well segments, while hk, qk are the
length and the flux density of the k-th segment, respectively.
Kc is the number of segments.

The flux density qk can be found from Eqs. 4 and 5 under
the condition

p(rw) = pw = const, (7)

which means that the well has infinite conductivity, so that
the pressure is constant along the wellbore.

The set of expressions (2)–(4) is the standard scheme
for solving the Poisson’s equation; however, it has a seri-
ous drawback: the convergence rate of the series (4) can be
rather poor and its numerical summation is time-consuming
[1].

In order to clarify the problem, let us consider steady-
state flow to the vertical fully penetrated well with radius rw
in a box-shaped reservoir of dimensions sx, sy, sz with sx =
sy . Constant pressure boundary conditions are imposed on
bounding faces. In this case, the pressure depends only on
the lateral coordinates (x, y). In all other cases, unless oth-
erwise specified, the spatial dimensionless coordinates are
used. The Cartesian coordinates are normalized on sx , sy ,
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sz correspondingly . The solution of Eq. 1 can be presented
as

p(x, y) = pc − pD

∞∑
m,n

gm,n(x, x0, y, y0)

m2

s2x
+ n2

s2y

, (8)

where, gmn = sin (πmx) sin (πmx0) sin (πny) sin (πny0),

pc is the external boundary pressure and pD = 4Qμ/π2ksz.
The convergence of the sum (8) strongly depends on the

distance d = |r|| − r0|, where r0 = (x0, y0) is the well
location point and r|| = (x, y) is the observation point. The
sums over indices m, n are infinite and their numerical sum-
mation requires introducing the maximum index value Nc.
It is assumed that the contributions from larger indices can
be neglected, so that

∞∑
m,n

⇒
Nc∑
m,n

Figure 1 illustrates the dimensionless pressure dependence
on the cut-off index. It is easy to see that reducing d leads
to a significant increase in the number of terms required for
accurate sum evaluation. In order to estimate WI, it is nec-
essary to calculate the pressure for d = rw( blue curve).
The cut-off index value definitely depends on the mutual
relation between rw and sx and since rw � sx , the Nc

value is always large, making the direct summation imprac-
tical [1]. To overcome this difficulty the Ewald’s summation
algorithm was used. Its main features are briefly presented
below.

Fig. 1 Dependence of dimensionless pressure on the cut-off index.
The black curve corresponds to the distance d = 4rw . The red and
blue curves correspond to d = 2rw and d = rw correspondingly

3 Ewald’s summation technique

Ewald’s summation method transforms the poorly conver-
gent series in Eq. 4 into a sum of two rapidly converging
series in real and reciprocal space. Ewald’s algorithm is a
special case of the Poisson summation formula and it can be
formulated as follows:

1. The use of the integral transformation allows replace-
ment of the denominator in the rapidly decaying function:

∑
n

ψn(r)ψn(r′)
λn

=
∑
n

∫ ∞

0
dηψn(r)ψn(r′)e−λnη. (9)

It should be noted, that this transformation is not
unique. Different types of these transformations are
discussed in [9].

2. Integral over η is divided into two parts:

∑
n

∫ ηc

0
dη · · · e−λnη +

∑
n

∫ ∞

ηc

dη · · · e−λnη. (10)

The second term corresponds to large values of η and
due to the decaying exponent it converges quickly.
According to Ewald’s original article, it corresponds
to a “short-range Coulomb interaction.” The first term
describes the “long-range interaction.” It has much
worse convergence in the real space but good conver-
gence in the reciprocal space. The division of these two
integrals is arbitrary. The value of ηc is chosen to mini-
mize the computation time of both sums. If ηc is large,
the second term converges fast while the first term con-
verges slowly. Vice versa, the small value of ηc provides
fast convergence of only the first item. ηc is a numerical
parameter varying across different problems.

3. The summation in the reciprocal space can be per-
formed using Poisson’s summation formula

∞∑
k=−∞

f̂ (k) = √
2π

∞∑
n=−∞

f (2πn), (11)

where

f̂ (k) = 1√
2π

∫ ∞

−∞
drf (r)eikr . (12)

Using (11) allows the first term in Eq. 10 to be represented
as

∑
n

∫ ηc

0
dη · · · e−λnη =

∫ ηc

0
dη

∞∑
k=−∞

f̂ (k)
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The Fourier image f̂ (k) depends on the domain and
imposed boundary conditions. In the box-shaped reservoir
with Dirichlet conditions at the side faces f̂ (k) is given by

f̂ (k) = 1√
πη

⎛
⎜⎜⎝e

− (x − x0 + 2k)2

4η − e
− (x + x0 + 2k)2

4η

⎞
⎟⎟⎠

.

From this expression, it can clearly be seen that for small η

the summation over k requires only a small number of terms.
Details of the computation are presented in [1]. It should be
pointed out that in some cases (depending on the boundary
conditions on the reservoir faces) summation in the Fourier
space can be treated as the sum over infinite arrays of “well
images.” This representation is not generic and it is better to
work in terms of Fourier images.

4 Well index calculation

In this section, we apply Green’s function formalism and
Ewald’s algorithm to compute a WI for vertical, horizon-
tal and slanted wells in box-shaped reservoir. The simulated
volume is approximated with a Cartesian grid. This grid
comprises a number of equal rectangular shaped gridblocks
with �x, �y, �z dimensions where �x = �y.

The well index is defined as the ratio of the well flow rate
into the gridblock q0 to the difference between the gridblock
pressure p0 and the wellbore pressure pw:

WI = q0μ

p0 − pw

.

Using the analytical solution for the radial inflow, it is easy
to obtain [2]

WI = 2πk�z

ln (r0/rw) ,
(13)

where rw is the well radius, �z is the well gridblock thick-
ness and r0 is the equivalent well gridblock radius. r0
depends on well trajectory, grid geometry and is equal to
0.2�x for square gridblock. This expression is widely used
in reservoir simulation.

Following the same methodology presented in [2],
expression (13) may be generalized to the case of nonradial
inflow

WI ∗ = 2πk�z

ln

(
r∗
0

rw

)
,

(14)

where

r∗
0 = �∗e− (π/2 − fnr)

�∗ = (�1�2�3�4)
1/4.

�i is the distance between the well and the i-th cell
center. Index i enumerates the adjacent cells. fnr denotes
correction due to nonradial well inflow

fnr = 1

4

4∑
i=1

fi,

where

fi = 2πk�z

q0μ
�pi − ln

�i

rw .

(15)

Here, �pi is introduced as pi − pw. The logarithm term
in Eq. 15 is artificially included to represent expression for
WI∗ in the form Eq. 14. The ∗ superscript is used to distin-
guish well index which is calculated without radial inflow
from the default WI computed by Eq. 13. To use (14), it is
necessary to specify the function p(r) that is the solution of
the pressure equation (1).

Generally, �pi are not equal to each other. However, in
a symmetrical case �pi = �p the expression for r∗

0 can be
written as

r∗
0 = �xe− (π/2 − fnr)

fnr = 2πk�z

q0μ
�p − ln

�x

rw
.

Note that �p may depend on z coordinate, but this is not
generally the case. Radial well inflow can be considered as
a special case of the symmetrical one. It assumes cylindrical
flow toward the wellbore and�p is given by the well-known
expression

�p = q0μ

2πk�z
ln

�x

rw .

Substituting of this expression into (15) yields fnr = 0 and
r∗
0 = e−π/2�x ≈ 0.2�x. ThusWI∗ coincides with Eq. 13.
In commercial simulators, there is a possibility to change

the well index by introducing a special multiplier MULT .
The value of this multiplier can be calculated from the ratio

MULT = WI ∗

WI
(16)

and can be used for more accurate well model in flow
simulation.

The proposed approach will be illustrated with a series
of synthetic examples whose basic parameters are listed in
Table 1. Below, we will use the same parameters for all sim-
ulation runs. We consider only production wells; however,
the approach is also applicable to injection wells.

Vertical well Let us consider a partially penetrated verti-
cal well aligned with the z-axis. At the top and bottom of
the reservoir, no-flow boundary conditions are specified. At
other faces, the conditions of constant pressure are:

p|x=0,sx = pc, p|y=0,sy = pc,
∂p

∂z

∣∣∣∣
z=0,sz

= 0. (17)
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Table 1 Parameters of the model

Drainage area 2100 x 2100 m2

Thickness 10 m

Permeability 20 mD

�x, �y 10÷100 m

�z 1 m

Initial pressure 275 Bar

Well rate 50 m3/day

Well radius 0.1 m

In this case, the pressure field is given by

p(r) = pc − pD

[
ps(r||) + sz

4h
pδ(r)

]
, (18)

where ps is the dimensionless pressure distribution in a
reservoir with a vertical fully penetrated well. pδ is a cor-
rection due to partial penetration. This term takes into
account three-dimensional geometry of the flow around the
wellbore. The detailed calculation of ps in a rectangular
reservoir was presented in [1]. The expression for pδ can be
written as

pδ(r) =
∞∑

i,j=−∞

∞∑
l=1

(−1)i+jK0(πλlγxz�i,j ) cos (πλlz) ·

·
Kc∑
k

q̃kφk,l

λl

. (19)

Here, K0 is the Bessel function, λl numerates eigenvalues in
the z-direction.

�2
i,j = (x −xi)

2 + (y −yj )
2, xi = xw + i yj = yw + j

λl = l, φk,l = sin (πλlzk+1) − sin (πλlzk) ,

where γxz = sx/sz is a form factor, zk is the number of well
segment and q̃k is its dimensionless flux. Distribution of q̃k

is determined using the conditions (5) and (7). In Eq. 19, the
lower bound in summation over index l is l = 1. The term
l = 0 corresponds to a fully penetrated well and is already
taken into account in the expression for ps .

Expression (19) looks rather complicated but its sum-
mation can be performed. Since the form factor γxz �
1 and the function K0 decreases exponentially, summa-
tion over indices i, j can be carried out quickly. The main
contribution to the sum gives the term with indices i, j = 0.

As an example, consider a vertical well which partially
penetrates the reservoir with parameters given in Table 1.
The well is located in the center of a grid block. The total
well rate is imposed and the wellbore pressure is calculated
by the numerical simulation. Since the WI depends on the

gridblock dimensions and geometry, it is more practical to
present numerical results in terms of productivity index (PI)
which is characteristic of the well.

PI = Q

pc − pw

Figure 2 illustrates the PI dependence on a penetration
ratio h/sz. The red curve was calculated using (18), while
the black and blue curves were calculated numerically in the
commercial flow simulator. Numerical computations were
performed on the grid with block sizes �x = 100 m (black
curve) and �x = 10 m (blue curve). It can be easily
seen that discrepancy between semi-analytical and numeri-
cal results may be up to 30% for small values of the ratio
h/sz. The reason for the differences is nonradial well inflow,
which is not taken into account in the standard expression
for equivalent well gridblock radius.

Figure 3 demonstrates the dependence of PI on the lateral
size of grid block �x for a fixed value of h/sz. PI* is a pro-
ductivity index calculated with the proposed technique. The
red and black curves correspond to the ratio h/sz = 0.3 and
h/sz = 0.1, respectively. For the coarse grid, there is a dis-
crepancy between numerical and semi-analytical PI values.
This difference is most significant for small values of h/sz.
Reducing the size of the grid block leads to numerical and
semi-analytical results agree with each other.

Fig. 2 Dependence of the dimensionless productivity index on the
ratio h/sz. The red curve is calculated by using the Ewald’s summation
technique. The black and blue curves represent results of numerical
calculation in 3D flow simulator. The black curve corresponds to the
coarse grid with block size of 100 m while the blue curve corresponds
to block size of 10 m. PIs is productivity index of the vertical fully
penetrated well
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Fig. 3 Dependence of the dimensionless productivity index on the
size of gridblock for the case of partially penetrated well. The red and
black curves denote the results obtained for h/sz = 0.3 and 0.1, respec-
tively. PI∗ is a productivity index calculated within the semi-analytical
approach, proposed in the present work

Using the expression (16) and (18), it is possible to cal-
culate the WI multiplier for each perforated cell. These
multipliers can be used in numerical flow simulation. As we
will demonstrate below, WI modifications facilitate simula-
tion with good accuracy even on a coarse grid. It is much
more computationally efficient compared to the numeri-
cal simulation on a fine grid due to Ewald’s algorithm. A
comparison of the computational times was presented in [1].

Vertical well in the reservoir with gas cap The value
of the well index depends on the well trajectory and on
the conditions imposed at the faces of the reservoir. As in
the previous case, we consider a vertical well aligned in
z-direction. The boundary conditions are

p|x=0,sx = p|y=0,sy = p|z=sz
= pc,

∂p

∂z

∣∣∣∣
z=0

= 0. (20)

Such boundary conditions correspond to reservoirs with a
segregated gas zone (gas cap). The constant pressure on the
top is justified by the high compressibility of the overlying
gas.

In this case, the solution of pressure equation is given by

p(r) = pc − pD

sz

4h

∞∑
i,j=−∞

∞∑
l=0

(−1)i+jK0(πλγxz�i,j )·

· sin (πλlz)

Kc∑
k

qkφk,l

λl

, (21)

where

λ = (2l + 1)/2, φkl = cos (πλlzk) − cos (πλlzk+1) ,

and l is an integer number. Unlike the previous case, due
to the asymmetry of boundary conditions, differences in WI

are observed even for
h

sz
≈ 1.

Horizontal well In this section, we consider the horizontal
well that is located at the center of the box-shaped reservoir.
The well is parallel to the x-axis. In the case of boundary
conditions (17), the expression for WI is given by

p(r) = pc − pD

4

sz

L

∞∑
i,j=−∞

∞∑
m=1

(−1)iK0(πm�i,j )·

· sin (mπx)

Kc∑
k

q̃kφk,m

m
, (22)

�2
i,j = (y − yi)

2 + γzx(z − zj )
2,

φk,m = cos (mπxk) − cos (mπxk+1) ,

where L is the length of the well. Figure 4 demonstrates
the PI dependence on the length of the horizontal well.
The red curve denotes the dependence calculated within
the semi-analytical approach. The black curve corresponds
to numerical computation performed on a coarse grid with
�x = 100 m. As can be seen, there is a good agreement
between numerical simulation and the semi-analytical solu-
tion. There is a slight difference between these curves for

Fig. 4 Dependence of the productivity index on the length of horizon-
tal well. The red curve is calculated within the approach of the present
work. The black curve represents results of numerical calculation
while the blue curve denotes calculations by the Joshi’s formula
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L > 300 m. However, this discrepancy does not play a
significant role in flow simulation. Additionally, the depen-
dence calculated by Joshi’s expression [10] is presented.

Slanted well A slanted well is generally not aligned with
grid axes in a simulation model. Vertical and horizon-
tal wells are two extreme cases of slanted well. The
inflow expression can be derived using the same technique
described above. Although the calculations may be easily
performed, the expression is rather cumbersome. For the
boundary conditions (17), the solution can be represented
as a sum of two terms. The first term corresponds to the
eigenvalue l = 0 and it depends on lateral coordinates
x, y and it forms 2D term. The second term handles three-
dimensional effects (3D term). This representation is similar
to that which was used in Eq. 18. Unfortunately, the expres-
sions for these terms can not be presented in the closed form
so we don’t provide them in the current paper.

The angle dependence of PI for the slanted well is shown
on Fig. 5. The angle α = 0 corresponds to the vertical well,
while α = π/2 to the horizontal one. The well length L

stays constant and the well is rotated around the reservoir
center. It can be seen that there is a qualitative agreement
between semi-analytical (red curve) and numerical (black
curve) solutions. The differences ∼ 2% are not significant.
Numerical computation was performed for the case �x >

L, �x = 100 m, L = 10 m.
Now, let us suppose that the slanted well penetrates

the entire reservoir thickness then well rotation leads to

Fig. 5 Angle dependence of PI for the slanted well. The red curve
denotes semi-analytical results. The black curve corresponds to numer-
ical computation performed on the coarse grid �x = 100 m. PIs is a
well index of the vertical fully penetrated well

increasing of completion length. Figure 6 shows the angle
dependence of the productivity indices difference obtained
from the proposed semi-analytical approach and numerical
simulations. The black and blue curves show the relative
error calculated on the coarse grid �x = 100 m and the fine
grid �x = 5 m, respectively. The accuracy of computation
on the coarse grid can be improved using the WI multiplier
introduced in Eq. 16. However, the WI for a well segment
should be computed by

WI =
√

WI 2x + WI 2y + WI 2z ,

where WIx, WIy, WIz are the partial well indices. In sim-
ulation a well trajectory is projected onto three orthogonal
axes and the partial indices are calculated using the Peace-
man’s equation [11]. The red curve on Fig. 6 denotes results
obtained on the coarse grid with using the WI multiplier
(16). It can clearly be seen using WI ∗ in numerical sim-
ulation allows computations to be performed with high
accuracy even on a coarse grid.

Figure 7 illustrates the angular dependencies of the par-
tial contributions to the pressure drop �p = pc − pw. The
blue curve is the contribution of 2D term to the solution (1)
while the black one represents the 3D contribution to �p.
Within the picture is contained that 2D term exceeds the 3D
one for any angles. The red curve corresponds to the angle
dependence of the total draw down pressure.

Fig. 6 Angle dependence of the relative error in the productivity
index. The black and blue curves correspond to numerical simulations
performed on the coarse �x = 100 m and the fine �x = 10 m grids
respectively. The red curve denotes the simulation results obtained for
the coarse grid using the WI multiplier
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Fig. 7 Angle dependence of the presure drop �p = pc −pw . The red
curve denotes the total difference, while the blue and the black curves
correspond to 2D and 3D terms, respectively

Neumann problem So far, it has been found that the solu-
tion of the pressure equation for rather synthetic cases
where only homogeneous reservoirs have been considered.
In order to apply the proposed approach to an inhomoge-
neous case, it is necessary to consider the well gridblock
because all model parameters inside a gridblock are con-
stants. Numerical flow simulators allow boundary fluxes
to be obtained for each gridblock. It leads to consider the
Neumann problem for a well gridblock. For this prob-
lem Green’s function of the Laplace operator satisfies the
following equation [12, 13]

�G = δ(r − r′) − 1

V
, (23)

here, V is the volume of the considered region �. This
Green’s function is defined in Eq. 3, but the term cor-
responding to the zero eigenvalue must be omitted. The
normal pressure derivative on the bounding faces is given by

∂p

∂n

∣∣∣∣
∂�

= f. (24)

For the Neumann problem, the solution of Eq. 1 becomes

p(r) = p̄+
∫

�dr
′
G(r, r′)q(r′)−

∮

∂�

G(�r, �r ′)f (r′)ds′, (25)

where ds′ means integral over the boundary surface ∂�. p̄

is a constant that equals the average of p(r) over the vol-
ume. Similar to the Dirichlet problem, direct series summa-
tion is excessively computationally demanding and Ewald’s
algorithm provides computational efficiency.

However, for mathematical formulation of the problem it
is necessary to define the flow distribution over the bound-
ary. Numerical simulators provide information about the
total flux over a gridblock face but can not specify flux
distribution. The calculations were performed under the
assumption of a uniform flux profile on block faces. To
assess the accuracy of such an assumption, we consider
a vertical fully penetrated well in the center of reservoir
with parameters given in Table 1. In contrast to the Dirich-
let problem, in this case, the pressure equation was solved
within the well perforated gridblock. Fluxes over gridblock
faces were exported from numerical flow simulation.

WI ∗ can be calculated from Eq. 25 without the concept
of Peaceman equivalent well gridblock radius. For the Neu-
mann problem,WI ∗ is defined as the ratio of the production
rate in gridblock and the pressure drop �p = p̄ − pw. The
difference between WI ∗ and the default WI computed from
Eq. 13 was about 10% for the grid with �x = 100 m. With-
out doubt, solution of the Neumann problem depends on the
flow distribution over well gridblock boundaries. The study
of this problem is beyond the scope of this article: detailed
discussion of this issue can be found in [14].

5 Multiphase case

Ewald’s summation can also be applied successfully to mul-
tiphase multicomponent case using the generalized pseudo-
pressure functions [15, 16]. In the steady-state case, we have
a mass balance equation for each component:

div
k∑

α=1

kαραliα

μα

∇p = Qi,

n∑
i=1

liα = 1, (26)

where i = 1, . . . , n indicates component, α = 1, . . . , k
indicates phase, liα–mass fraction of i-th component in α-
th phase, kα–relative phase permeability, ρα–phase density,
μα–phase viscosity, Qi–mass rate of i-th component. Here,
we also neglect capillary effects. Summing (26) through all
the components, we obtain:

div
k∑

α=1

kαρα

μα

∇p = Q. (27)

Let us consider the generalized pseudopressure functions
in the following form:

Hi =
∫ k∑

α=1

kαραliα

μα

dp + C, (28)

H =
∫ k∑

α=1

kαρα

μα

dp + C. (29)
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Then, Eqs. 26, 27 can be written as:

∇2Hi = Qi, (30)

∇2H = Q, (31)

where Q is the total mass rate.
In order to find the pressure, we have to use the trans-

formations (28), (29), which include unknown variables
{sα, liα}, sα–saturations, liα–mass fraction of i-th compo-
nent in α-th phase. To close equations, we use the fact that
component factors �i :

�i =

k∑
α=1

kαραliα

μα

k∑
α=1

kαρα

μα

, i = 1, . . . , n, (32)

are constant along the streamlines in the steady-state case:

∇�i = 0, i = 1, . . . , n. (33)

In a two-phase (liquid, gas) case, conditions (33) may be
represented as:

kgρgμl

klρlμg

= li − �i

�i − gi

= · · · = ln−2 − �n−2

�n−2 − gn−2
, (34)

where subscripts {l, g} indicate liquid and gas phases, li ,
gi–mass fractions of the i-th component in liquid and gas
phases. If the component factors �i are known, we can

Fig. 8 Dependence of the wellbore pressure on the oil rate for a par-
tially penetrated well. Red curve denotes semi-analytical results. The
black and blue curves represent results of numerical simulation on the
two different grids—100 and 10 m, respectively

solve (34) and find {sl, l1, · · · , ln−2} as functions of pres-
sure p. By the substitution into (29) allows pressure to be
calculated.

This algorithm presents an opportunity to represent mass
balance equation of fluid as Poisson’s equation in the case of
multiphase and multicomponent flow using the generalized
pseudopressure function. Ewald’s summation technique can
be applied successfully to solve this equation and compute
WI quickly. The described approach can be useful not only
for reservoir simulation, but also in well test analysis.

Figure 8 shows the oil rate dependence of the well-
bore pressure for a partially penetrated oil well for various
sizes of cells. A two-phase, two-component case is con-
sidered. The semi-analytical curve and the numerical curve
computed for the fine grid (10 m) coincide. The nonlin-
ear behavior of these curves are associated with the gas
liberation process. Figure 8 illustrates errors in evaluation
of the wellbore pressure without accounting for the nonra-
dial inflow. In the multiphase case, these errors are more
significant than with the single-phase case.

6 Conclusion

In this paper, we have presented a mathematical technique
for semi-analytical calculation of the well index for uncon-
ventional wells without the assumption of radial flow. The
advantage of this approach is high performance, as well as
the possibility to consider different boundary conditions. At
the same time, we argue that in a number of cases there is
a discrepancy in WI between numerical simulation and the
presented semi-analytical results. It was shown that the use
of the semi-analytical formulae can increase the accuracy
of the numerical flow simulation. We also have provided
analytical expressions for well inflow for unconventional
wells. It is demonstrated that the use of the proposed method
in numerical flow simulation allows high accuracy to be
obtained even on a coarse grid. Finally, our approach can be
applied to the case of multiphase flow. This method can eas-
ily be extended to the case where all the faces are defined by
Neumann boundary condition, which is particularly impor-
tant in numerical flow simulation. In addition, the presented
semi-analytical expression can be used in well test analysis.
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