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Abstract

Reservoir permeability is a critical parameter for oil production estimation, exhibiting high spatial variability
which suggests treatment as a random function. The present paper focuses on the study of steady state flow of a
single phase fluid in a two-dimensional heterogeneous formation with random permeability characterized by a log-
normal distribution with coefficient of variation y, and correlation length A. The aim of this study is to determine
the relationship between the flux variance o*q2 and yx. Previously available analytical solutions to this problem
have primarily relied on perturbation-based methods, which are approximate and applicable for relatively small
values of yx. This study employs the Monte Carlo method to investigate fluid flow in reservoirs with stochastic
permeability where y; ranges from 0.1 to 4.0. The results show that %2 exhibits a maximum at a certain critical
value of y%, denoted as y,.. For highly heterogeneous formations y > ., this study shows that the fluid flux follows
the Poisson distribution and flux variance is proportional to its mean value (g). Such behavior is characteristic
of random variables that follow a Poisson distribution. It is well known that the Poisson distribution is a discrete
probability distribution and this study shows that for the case yx > y., a network of discrete preferential flow
channels forms. Such channels are not associated with any extended geological objects like faults or fractures and
are caused by a random medium. The possibility of detecting such channels is assessed through the analysis of
pressure build-up curves. The process of water-oil displacement is also studied for the case of highly heterogeneous
reservoirs. Water breakthrough time shown as a function of y; and X illustrates the noticeable influence of the
statistical characteristics of permeability on the oil displacement process, that can be used in history matching
process.

Keywords Stochastic permeability - Shot noise - Well inflow

1 Introduction

Reservoir permeability is an essential reservoir engineering parameter which greatly impacts well productivity.
Geological formations exhibit significant spatial variability and permeability is one of the most spatially variable
petrophysical properties. Since measurements of local permeability values are typically scarce, it can be considered
as a random function [1, 2] . In turn, the randomness of formation permeability propagates to the flow-related
variables such as well production rate or bottom hole pressure, which also become random. That leads to uncertainty
in production prediction and increases risks in field development.

In [3, 4] it was shown that permeability measurements on core samples follow a log-normal distribution, which
is commonly employed in modeling flow through random media [2, 5]. This study assumes that permeability
is log-normally distributed, characterized by a mean value (k), a variance akz, and a correlation length A, that
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describes its spatial variability. Subsequently, the coefficient of variation y; = o/ (k) will be used to describe the
amplitude of permeability fluctuations.

Flow in a porous media with a random permeability has been a subject of interest for many years and various
approaches have been proposed to solve this problem.

Monte Carlo simulation (MCS) is the most popular tool for describing flow in heterogeneous media. This
straightforward method can solve a wide range of problems and it can be considered as a reference approach.
However, to achieve statistical convergence and accuracy level, MCS requires many simulation runs, which makes
it computationally expensive.

The other framework is a perturbation-based stochastic flow simulation in which formation heterogeneity is
treated as a perturbation. The solution of the governed flow equations is expanded in a series of powers of
perturbation. Typically, this series is truncated at the second term of the expansion and therefore this method
accounts only for small permeability fluctuations (y; < 1). Studies by [2] and [5] applied the perturbation method
to obtain approximate expressions for well rate and bottom hole variances, retaining linear terms of o*kz. In [6]
and [7], the well inflow in stochastic reservoirs was studied using the diagrammatic approach, which graphically
represents the perturbation series and enables the summation of significant terms. However, the diagram technique
is limited to rather simple geological situations and, for more realistic cases, requires the computation of complex
multidimensional integrals.

The approach of statistical moment equations (SME) can be employed to describe liquid flow in random
porous media. The low-order SME approximation (LOSME) is used for solving practical problems [8]. In this
approach, higher-order terms are truncated in the equations for the first and second moments of pressure. Based
on perturbation expansion, LOSME simplifies handling various boundary conditions, complex flow geometries,
and reservoir shapes. Li et al. [9] present a comparison of MCS and LOSME results and they demonstrate that
low-order approximation provides robust estimates of pressure mean values even at high values of y;. Zhang and
Winter [8] show good agreement between LOSME and MCS results for the second pressure moment and they
also calculate flux variance.

This study presents a numerical investigation of single-phase fluid flow in a medium characterized by random
permeability. The formations under consideration are those where y; and the correlation length vary over a wide
range. Quantification of flow uncertainty is the main subject of this analysis and the ultimate goal is to find the
relationship between flux variance and the coefficient of variation of permeability y; for different values of A. The
obtained results are compared with existing analytical expressions for flux variance, derived within the framework
of perturbation theory. It is shown that at high values of variance, the random flux follows the Poisson statistic. Such
behavior is largely similar to the phenomenon of shot noise, which is observed in electronic devices. Using the
theory of shot noise [10], as employed in radio physics, one can derive expression for the variance of single-phase
flux. The obtained analytical estimates are in good agreement with the results of numerical modelling. It can be
expected that the formation of discrete flow channels will also affect the flow of the two-phase fluid and the oil
displacement process. This study examines how the statistical characteristics of the permeability field influence
the water breakthrough time in the well.

2 Mathematical model

The mathematical model of a single phase steady-state fluid flow in a porous medium is based on Darcy’s law,
which is a linear relationship between the fluid velocity and the pressure gradient

- k(r)
u(r) = ——=Vp(r) (1
i
and the equation of continuity,
V-o(r)=0 2)
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where p is the viscosity of the fluid and k(r) is the permeability tensor which is a function of positionr = (x, y, z).
The governing equation for fluid pressure is obtained by combining Eqgs. 1 and 2

V- (k(r)Vp(r)) =0 3)

This Eq. 3 should be solved subject to boundary conditions, which depend on the specific task and will be
defined later.

The two point covariance function Cgk (r, r’) of the permeability field depends only on the distance between
points and it can take various forms. In the present work, the following one will be used

(r—r')?

Cu(r.¥)=ole A2 4)

The randomness in permeability propagates in reservoir pressure and the flux vector which are also represented as
random functions. The aim of this work is to determine the dependence of flux variance on the normalized standard
deviation of permeability yj. The most straightforward method for solving Eq. 3 with stochastic permeability is
Monte Carlo simulation. Within this approach, various realizations of a random field are generated and for each
of them Eq. 3 should be solved. The flux mean value (g) and its variance aqz can be calculated using the following
expressions

N N
(@)=Y _ai/N o] =) (g —{q)*/N (5)

where index i denotes the realization number, and N is the total number of realizations. g;, the flux for the i-th
realization depends on the specific problem being solved, and the method for its calculation will be described
below. As N tends to infinity, expressions converges to the mean and the variance. The number N must be large
enough to ensure the stability of the result obtained and may depend on the task being considered.

The permeability realizations for the given (k), yx and A are generated using two methods: the covariance matrix
decomposition method and the Fast Fourier Transformation (FFT) method. The FFT method implementation used
was the one available in a commercial software package. It was verified that the method of random field generation
has virtually no effect on the results of the calculations of (g) and oq2 .

3 Uniform flow in stochastic porous media

In this section a box-shaped flow domain of sizes sy, sy, s, is considered, where flow is induced by a uniform
pressure drop between two opposite boundaries. Assuming that the pressure does not vary in the z-direction, the
problem simplifies to a two-dimensional formulation. For clarity, it is assumed that the pressure drop is applied
along x-axis

Ap = p(0,y) — p(sx, y) = const (6)

and no-flow condition are imposed at another two boundaries

dp(x,0) _0 ap(x,sy) _

0 7
3y 2y (N
In this case, Eq. 3 has the following form
J dp(x,y) 9 dpx,y)
— k) ——— )+ — |k, ) ——— ) =0 ®)
ox ox ay ay
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Table 1 Parameters of the model

Drainage size sy = sy 8000 m
Thickness s, 1 m
Mean permeability 50 mD
Porosity 0.1

Viscosity 1 cP
Lateral cell size Ax = Ay 50 m
Vertical cell size Az 1 m

subject to boundary conditions Eqgs. 6 and 7. Equation 8 is solved for each permeability realization and the flux
through the transverse boundary of the reservoir is given by

api(x7 )’)
o ©)

K Sy
qi=——zf dyki(x,y)
i Jo

Substituting Eq. 9 in Eq. 5 values (g) and 0[12 are calculated for the given yy. In the paper, calculations are carried
out for the model, whose parameters are listed in the Table 1.

As pointed out in [11], for obtaining an accurate numerical solution the correlation length should exceed the
size of the grid cells Ax by four times or more. All results presented below are obtained for A > 200 m and this
condition is satisfied.

Figure 1 shows the dependence of the mean flux (left panel) and its variance (right panel) on the coefficient
of variation y,. The mean flux and its variance are normalized with respect to gg and qé, respectively, where gg
denotes the flux in a homogeneous medium with permeability (k) and it does not depend on y%. g is given by the
expression

(k)
qo = —Jsys;
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Fig.1 Dependencies of the normalized mean flux (g) (left) and the standard deviation o, (right) on the coefficient variation
of permeability y4. The red dashed lines represent the analytical relationships for the mean flux and variance presented in the
literature. Normalization is performed using g, which corresponds to the flux in a homogeneous reservoir with permeability

(k)
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where J is the mean negative pressure gradient.

As indicated in the Table 1, the simulations were carried out using a grid with Ax = Ay = 50 m. Reducing
the grid cell size by half alters the calculated mean flux and variance by less than 1%. The calculation on the fine
grid were performed for large values y; > 2.0.

The analytical dependence of (g) on y4 is given by the following expression

kerr (Vi)
(q) = ——— (10)
(k)
and for two-dimensional case
2
ke = kg = (k)e Ov/?
(11)

of =In(1+ »2)

where Y = Ink and k, denotes the geometric average of permeability. The expression for effective permeability
was previously obtained from [5, 12—14]. The analytical expression given by Eq. 10, shown as a red dashed line
in the left panel of Fig. 1, agrees well with the MCS results over the full range of yx.

Unlike the mean value, the flux variance is a non-monotonic function of %, and it has a maximum at a specific
value y,. For y; > y. the increase in yj leads to a decrease in oqz. For small permeability fluctuations y; < 1, the

expression for dimensionless qu was derived using perturbation theory. [2]. For s, > A, it can be simplified to
2
A
2 _ A 2
o, =T (sy) Vi (12)

However, for large values of y; this expression does not even qualitatively coincide with MCS results.

Figure 2 illustrates the relationship between the flux variance (left plot) and the third moment (right plot) as
functions of the mean flux. It can be seen that at lower values of (g) (that corresponds to large values of yi)
this moments are linear functions of (¢). Such behavior of the second and third moments may be a consequence
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Fig.2 The normalized second (left) and the third (right) flux moments as functions of mean flux. The red dashed lines show
the linear fitting of these moments for y; > y.. Normalization is carried out with respect to qg and qg, respectively
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Fig.3 The spatial distribution of streamlines for small
fluctuations of the permeability field y, = 0.2

of the random flow following the Poisson distribution, in which all cumulants are equal to the mean value and
it is easy to show that all higher central moments proportional to the first one. Based on this, one can suggest
that the random flux conforms the Poisson distribution when yx > y.. The similar phenomena are observed in
electronic devices where the variance of electrical current proportional to its mean value [15]. It is called shot
noise and it originates due to the discrete nature of electric charge and this analogy will be used in the following
discussion. The Poisson distribution is a discrete type distribution that is often used to calculate the probability of
rare events. This raises the question of the nature of discreteness in the problem of fluid flow in a porous medium.
To answer this question, streamline realizations are constructed for various values of . In the case of weak
reservoir heterogeneity yx < ¥, the streamlines are uniformly distributed across the model domain, as shown in
the Fig. 3.

Figure 4 depicts the spatial permeability realization for y; = 3.0 (the left plot) and the corresponding streamlines
(the central plot). The combination of these two views is shown in the right plot. This figure illustrates that, for
y > V., adiscrete network of channels forms within the reservoir,through which fluid predominantly flow. These
channels are self induced caused by the “focusing effect” of a random media [16]. The formation of a system of
discrete channels leads to the appearance of the Poisson distribution.

Fig. 4 The spatial permeability map for yx = 3.0 (left) and corresponding streamlines (center). The combination of these
views (right)
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In the framework of the LOSME approach, the spatial dependence of the variance of the longitudinal flux
component aqzx in an unbounded two-dimensional domain was obtained in [17] and is given by the following
expression:

o) = %agkgj (13)

For the unbounded domain oqzx does not depend on the coordinate.

Taking into account Eq. 11, it becomes clear that expression Eq. 13 does not yield a linear dependence of
flux variance on the mean at higher values of y,. Apparently, this is related to the necessity of accounting for
the contribution of higher-order pressure moments. In [18], numerical solution of LOSME were performed for a
reservoir with a rectangular geometry, and the results demonstrate good agreement with Eq. 13.

Figure 5 shows the distribution of flux through the lateral surface at x = s, for various values of yi. The
distribution corresponding to y; = 0.2 is shown in blue, and for y; = 3.0 in red. As can be seen, in the case of
large permeability fluctuations, the flux can be represented as a series of random pulses. All pulses are mutually
independent, with both their amplitudes and positions treated as random variables that follow a Poisson distribution
[10].

The mean and variance of the random pulse process can be calculated in a manner similar to what is used in the
shot noise theory, where signal is represented as a pulse train of the following form

E1) =Y aiF(t—1), (14)

where F'(¢) is a deterministic function of time, which describes a shape of pulses. a; and #; represents the amplitude
and the arrival time of the pulse correspondingly and both are independent random variables. The first two moments
of a random pulse process are given by [15]

(&) =v/daf(a)a/oo dx F(x)

—0o0

(15)
052 = v/daf(a)azf dsz(x)

—00

1.2

Fig.5 Flux distribution through the transverse side surface
at x = sy. The distribution for y; = 0.2 is shown in blue,
while the distribution for y; = 3.0 is shown in red.
Coordinate is normalized by the size sy, while the flux is
normalized by the total flux through the side face

Normalized flux

.0
0.0 0.2 04 0.6 0.8 1.0
Normalized transverse coordinate
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Table 2 Comparison of

. . . Monte Carlo simulation Expression Eq. 17
proportionality coefficients &y =25 mD &) = 50 mD &) =25 mD &y = 50 mD
relating the mean flow rate
to its variance: Monte 200 0.05 0.09 0.05 0.1
Carlo simulation vs. 300 0.09 0.18 0.08 0.19
E?‘PreSSIIC’“ E}?- 17'Ehe 350 0.12 0.25 0.13 0.26
given values have the 400 0.16 033 0.17 0.34

dimension of m?/day

here f(a) is the probability density function of the parameters of the pulses and v is the average number of
pulses per unit time. When pulses are identical there is no integration over a and expressions Eq. 15 reduce to the
well-known simplified expression.

(£) = vé/ dxF(x) of = ua‘ﬂ/ dx F?(x) (16)

—00 —

Here a denotes the average amplitude of random pulses.

Expressions Eq. 16 can be used to calculate the flux variance, considering that, in the context of this study,
time #; corresponds to the coordinate of i-th pulse. If one assumes that the pulses have a Gaussian shape and their
average width is equal to the correlation length, then the expression for the flux variance can be written as

o, ~ Alg) (17)
A=K Ap;as: (18)
n L Sx

here L denotes the average channel length. If to suppose for simplicity that the average channel length is approxi-
mately equal to the model size L = s,, the flux variance can be easily estimated using Eq. 17. The proportionality
coefficient A between qu and (g) in Eq. 17 can be directly compared to the slope obtained from the linear regression
shown in the left plot of Fig. 2. The comparison results are presented in the Table 2 and there is good agreement
between the analytical and numerical results.

To ensure the required accuracy, the numerical calculation of flux variance requires a larger number of real-
izations than that needed for computing the mean value. This number generally increases with either y; or A.
However, for yx > y. and a given flux mean value (g) the variance can be evaluated using expression Eq. 17
without requiring additional computations.

4 Well inflow in stochastic porous media

In this section I focus on the problem of well inflow in reservoir with stochastic permeability. I consider the model
with parameters listed in the Table 1 with a vertical well located at the center of the domain. The well is controlled
through the specification of a constant bottom-hole pressure p,,, and flow is driven by the difference between p,,
and side boundaries pressures pg

p(rw) = puw

19)

p(£2) = po
here ry, is well radius and 2 is the external model boundary. Equation 3 is solved numerically with subject to
boundary condition Eq. 19 for each permeability realization. The well rate for i-th realization is found from the
expression

qi = WIi(pi — pw) (20)
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Fig. 6 Dependence of well rate variance (left) and the third (right) flux moment versus normalized rate mean value. Red

dashed indicates linear fitting of rate variance for y;x > y,.. Point 1 on the left plot corresponds to yx = 0.2, points 2 and 3
correspond to values y; = 2.0 and y, = 3.0, respectively

where p; and W I; denote grid block pressure and well index. W [; is given by Peaceman’s expression.

2mk; A
WI; = LTKAZ
ro
In (—)
Ty
where rq is the equivalent well block radius, k; is the permeability of well block in i-th realization. Using the
formulas Eq. 5, the mean value and variance of the well flow rate are determined.
Figure 6 shows the dependencies of the second and third moments of the well rate on the mean value.

In the case of fluid inflow into a well, the majority of the pressure drop is localized within the near-wellbore
zone, and the well production rate exhibits strong sensitivity to the permeability of the well block. Consequently,

Fig.7 Streamlines for different values of . The left plotillustrates the realization of streamlines for y, = 0.2 that corresponds

to the point 1 on Fig. 6. The central and right plots depict streamlines for y; = 2.0 (point 2) and y, = 3.0 (point 3)
correspondingly
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2.0

Fig. 8 Dependence of y, on the normalized correlation
length of the random permeability field

. ! i i .
0.02 0.04 0.06 0.08 0.10
Normalized A

one might be expected that oq2 would be proportional to well block permeability variance and increase with rising
yx. However, as shown in Fig. 6, the behavior of qu closely resembles that observed in Fig. 2.

Figure 7 presents streamlines for various values of yj. It can be seen that at small values y the streamlines
are evenly distributed across the drained area. As y; increases, their spatial distribution becomes non-uniform,
resulting in the formation of conductive channels.

The value y,. depends on the ratio A/sy. As the correlation length increases, y, shifts towards larger values of
yx and conductive channels begin to form at larger . Figure 8 shows the dependence of y, on the correlation
length and as can be seen the value of y4 increases with the growth of A.

100 | 100 |
£ £
g £
o o
< <
o o,
< 10t <10 .
s / 2
4 s
slope 1/2
7 3
1 el el 1 T T BT B
0.1 1 10 100 1000 0.1 1 10 100 1000
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Fig. 9 Pressure build up log-log diagnostic plots for two realizations of a random permeability field with ¥ = 3.0 and
A = 200 m. The logarithmic derivatives (red curves) indicate the presence of linear flow, corresponding to segments with
slopes of 1/2 and 1/4
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Figure 9 depicts pressure build up log-log diagnostic plots for two realizations of a random permeability field
with ¥, = 3.0 and A = 200 m. As can be seen, the logarithmic derivatives exhibit a linear region with slopes
approximately equal to 1/2 (left plot) and 1/4 (right plot). These slopes indicate the presence of a linear or bilinear
flow regime correspondingly. Similar behavior of pressure build up curves in reservoirs with stochastic permeability
was observed in [19], under the condition y; > 1.0. The appearance of linear segments in the logarithmic derivative
is evidently associated with the formation of discrete flow channels. However, it should not be forgotten that other
factors such as the presence of a hydraulic fracture or the case of two parallel linear boundaries may also lead
to the appearance of the same linear segments. Therefore, to ensure accurate interpretation of well test data, it
is important to consider that a similar diagnostic plot may also arise in models of formations with stochastic
permeability.

5 Two-phase well inflow in stochastic porous media

Up to this point, the analysis has focused on single-phase fluid flow, and it has been demonstrated that when
Yk > Ve, the fluid transport occurs through a system of discrete channels. The formation of such channels is
expected to have a significant impact on the oil displacement process. This section investigates the flow of a two-
phase fluid ( 0il , water) in reservoirs with random permeability. This task is important in a number of applications
in oil recovery. The governing equations for oil and water phases take the following form

$9(Pa ()5 (1)) n

- V. (,Oal_;a(r)) = Y

9o (21)

Bu(r) = — ke g )

I

po and s, are the density and saturation of phase o respectively.p is the rock porosity and k., is the relative
permeability of a-th phase which is a given and non-random function. g, denotes the mass source term.

The model is initially saturated with oil, and an aquifer is specified at its boundaries. Unlike the single-phase
scenario, the well is controlled by the liquid production rate. The relative permeability was adopted according to
the Core correlation model. By solving equations Eq. 21, the temporal evolution of oil saturation and well water
cut is determined for each realization of the permeability field.

Figure 10 shows oil saturation maps at different time steps corresponding to various values of y, and for the same
correlation length. As illustrated in this figure, for y, = 3.0, water breakthrough into the well occurs significantly
earlier compared to the case of a weakly heterogeneous reservoir y; = 0.5. The figure also shows that for y, = 3,
there are regions with unrecovered oil reserves.

By following the same procedure as described in Section 2, an ensemble of water cut time profiles is generated,
and Pjg,Pso and Pyg values for water breakthrough time are estimated.

Figure 11 (left ) illustrates dependence of Pgg normalized water breakthrough time on y; and the right plot
depicts the well water cut as a function of dimensionless time. Time is normalized with respect to breakthrough
time for uniform reservoir with permeability (k). In the right plot the red curve corresponds to 3, = 0.5 and the
black one corresponds to y; = 3.0. Thus, an increase in y; leads to a reduction in water breakthrough time. Similar
results were obtained in [18], where it was demonstrated that heterogeneity accelerates water breakthrough in oil
production.

Figure 12 shows the dependence of breakthrough time on the dimensionless correlation length. The correlation
length is normalized to s, /2, representing the distance from the well to the edges of the model. Unlike the
dependence on yy, which follows a monotonic decreasing trend, the breakthrough time as a function of A exhibits
a distinct minimum.
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Fig. 10 Temporal evolution of the spatial oil saturation maps for yx = 0.5 and yx = 3

Figures 11 and 12 demonstrate that the statistical characteristics of the random permeability field significantly
influence the timing of water breakthrough in the well. These characteristics also affect the overall efficiency of
the waterflooding process, which relies on effective contact between the injected water and the displaced oil. The
emergence of discrete flow channels can result in the development of stagnant zones where oil displacement is
minimal, making standard water injection patterns suboptimal under such conditions.

Normalized water breakthrough time

5
(&)
—
8
<
=
S 1 I S S T T N : : : :
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 0.0 0.5 1.0 1.5 2.0 2.5
Y Normalized time

Fig.11 Dependencies of Pyg of water breakthrough time on the coefficient variation of permeability yx (left) and the water cut
dependencies versus dimensionless time (right). The cases y; = 0.5 and y; = 3.0 are marked in black and red correspondingly
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Fig. 12 Dependencies of Pgy of water breakthrough time on the normalized correlation length (left) and the water cut
dependencies versus dimensionless time (right). The case A = 200m is marked in red, while A = 700 m and A = 4000m
are marked in black and blue, respectively. The water breakthrough time is normalized by the breakthrough time for a
homogeneous formation with permeability (k)

6 Conclusion

In this paper, I address the problem of fluid flow in heterogeneous porous media with random permeability following
a log-normal distribution. The flux variance was calculated as a function of the permeability’s normalized standard
deviation over a wide range of, spanning from 0.1 to 4.5. Two key scenarios were analyzed: fluid flow in a line
drive reservoir and two-phase inflow into a well. The primary results of this study are as follows:

e The Monte Carlo method has been used to obtain the dependencies of the mean and flux variance on the standard
deviation of the permeability field. The analytical expressions for flux variance presented in the literature do
not match the results of numerical MCS at high values of the permeability fluctuation.

e Itis shown that the dependence of flux variance qu on Y has amaximum at y; = y,. The analytical expressions
presented in the literature agree well with the Monte Carlo results for y; < y. but exhibit both quantitative and
qualitative discrepancies for y > y,. The value of y. depends on the correlation length A and shifts to higher
values with an increase in A. The dependence of y, on X is presented .

e For y; > y, the random flux follows the Poisson distribution, where the variance of the flux is directly
proportional to its mean..This behavior is analogous to the phenomenon of shot noise observed in electric
current flow. Within the specified range of y, values, a network of discrete channels develops in the reservoir,
governed by the stochastic nature of the permeability field.

e By drawing an analogy with the phenomenon of shot noise, an expression for the flux variance was derived,
demonstrating strong agreement with the results of Monte Carlo simulations. This expression allows for the
calculation of flux variance for a given mean value without the need to compute additional realizations.

e The possibility of detecting the existence of channels from the analysis of pressure build up test is discussed.

e The emergence of a discrete network of conductive channels significantly affect the oil displacement process.
Adjusting these values can significantly modify the dynamics of well water cut.
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